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1. Introduction MPC [1-3,6-16]. Linear ROMs are exploited in MPC to facilitate the

solution of the online optimization problem [1,2]. For explicit MPC

In process control, systems are frequently described by high-
dimensional linear system with hard input and state constraints.
We consider the problem of applying model predictive control
(MPC) to this systems. Examples of constrained high-dimensional
linear system which may be controlled by MPC are an industrial
glass feeder [ 1], adistributed reactor model [2], or alarge-scale flow
[3]. The high-dimensionality of the system leads to a large compu-
tational burden which is prohibitive for MPC. Therefore, reduced
order models (ROMs) [4,5] are frequently used for the prediction in
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formulations either ROMs or a projection of the state may be used
to reduce the number of regions [3,17].

By using an ROM for prediction, a mismatch between the high-
dimensional system and the prediction model is introduced. As
a result, satisfaction of constraints or asymptotic stability of the
closed loop may be lost. These are important issues especially for
safety critical applications. Hence, robustness against the model
order reduction (MOR) error has to be ensured by the MPC scheme.

This question has already been considered in literature. In [15],
the authors propose to employ the a priori error bound of balanced
truncation to tighten the output constraints. However, recursive
feasibility and asymptotic stability are not established in [15].
When the high-dimensional system is given by a parabolic partial
differential equation (PDE), asymptotic stability of the closed loop
system and hard state constraint satisfaction can be guaranteed
[16]. In [16], the MOR method is limited to modal decomposition,
where the states of the ROM and the neglected dynamic are only
coupled by the input. This allows to decouple the unstable modes
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from the MOR error resulting in a stable error system. Then, input-
to-state boundedness of the error system is exploited to establish
satisfaction of hard state constraints. However, in [ 16] the state con-
straints are tightened according to a bound on the error between
the high-dimensional system and the ROM. To predict this bound,
all inputs within the input constraints are taken into account.
Thereby, significant conservatism is introduced, as this compara-
tively large error bounding sets are used to tighten the constraints.
Hence, an error bound that takes the predicted input trajectory into
account may be significantly tighter.

Alternatively, methods from robust MPC [18,19] could be used
in principle. As was noted in [ 3], “the applicability of these methods
to establish robustness in the context of MPC with reduced-order
models remains a challenging open research question”. In the
meantime, results of robust output feedback MPC have been spe-
cialized to guarantee robust stability despite the MOR error [20].
The results in [20] do not rely on an explicit bound on the MOR
error and, hence, apply only to stable systems and furthermore soft
state constraints. In the recent work [21] it is suggested to employ
methods from robust MPC to establish asymptotic stability of a pos-
sibly large set around the origin. However, asymptotic stability of
the origin is not established in [21]. Furthermore, similar to [16],
the input trajectory is not taken into account in the prediction of
the uncertainty induced by the MOR.

To the best of our knowledge, satisfaction of hard state con-
straints and asymptotic stability of the origin for MPC using an ROM
is established, only in [ 16]. However, as discussed above, in [ 16] the
MOR method is limited to modal decomposition.

We present a new approach to MPC using an ROM with guaran-
teed asymptotic stability of the origin and constraint satisfaction
that allows for many commonly used MOR methods. Our approach
is inspired by [22], where a method for dynamical optimization
using ROMs is presented, which minimizes an upper bound of the
true objective function. To ensure a guaranteed objective function
value, an a posteriori bound for the MOR error is employed in [22].
This error bound, originally suggested for parametrized systems in
[23], is given by a scalar ordinary differential equation (ODE). This
resultsinan error bound that takes the input trajectory into account
which may be less conservative than the bounds used in [16,21].

In [22], asymptotic stability of the high-dimensional system is
required to obtain an asymptotically stable error bounding system.
The first contribution of this work is to achieve an asymptotically
stable error bounding system also for unstable linear systems by
exploiting a feedback of the MOR error. In contrast to [16], we
do not require to decouple the unstable modes from the error
dynamics to get a finite bound on the MOR error. As a result,
general Petrov-Galerkin projection based MOR methods can be
used. The flexibility in the MOR method in general results in ROMs
with smaller dimension or approximation error compared to modal
decomposition.

The second contribution is to employ this error bounding system
to establish a novel MPC scheme using an ROM. Our MPC scheme
guarantees satisfaction of hard input and state constraints for
the controlled high-dimensional system. Furthermore, we derive
clear design conditions that guarantee recursive feasibility and
asymptotic stability despite the MOR error. Unlike existing MPC
approaches using an ROM with guaranteed asymptotic stability of
the origin, our approach is applicable to unstable systems with hard
state constraints and general Petrov-Galerkin projection based
MOR methods. Furthermore, the proposed MPC scheme is locally
optimal when the feedback of the MOR error is determined by the
optimal solution of the unconstrained case.

In order to assess basic properties of the proposed MPC scheme,
we compare the performance and region of attraction of different
MPC schemes based on an illustrative academic example. The sys-
tem depends on a parameter which allows to study the proposed
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Fig. 1. Structure of the proposed MPC scheme. The overall controller consist of
the model predictive controller (Section6) and the controller for the MOR error
(Section5).

MPC scheme for varying influence of the MOR error. Furthermore,
we apply the proposed MPC scheme to a model of a tubular reactor.
Thereby, we assess the computational efficiency and conservatism
for a practically motivated example.

The structure of the proposed MPC scheme is illustrated in Fig. 1.
The model predictive controller includes the ROM as well as the
scalar error bounding system. The overall controller additionally
contains the feedback of the MOR error. For the details of Fig. 1 we
refer to the subsequent sections.

The remainder of this work is organized as follows. In the follow-
ing section, we formally describe the considered problem setup. In
Section 3, we introduce the MOR framework. As a starting point for
the derivation of the proposed MPC scheme with robustness against
the MOR error, we introduce in Section 4 an MPC scheme using an
ROM that neglects the MOR error. In Section 5, we show how the
MOR error can be bounded by an asymptotically stable system even
for unstable high-dimensional systems. This error bounding sys-
tems is employed in Section 6 to derive the proposed MPC scheme.
Subsequently, we show that constraint satisfaction, recursive fea-
sibility and asymptotic stability despite the MOR error are given if
easily verifiable design criteria are fulfilled. In Section 7, we com-
pare different MPC schemes for two examples before we conclude
the paper in Section 8.

Notation

We denote the 2-norm of a vector x € R" with |x|| and the
induced 2-norm of a matrix A ¢ R™™ with ||A|l. For a matrix A,
Amax(A) is the largest real part of all eigenvalues, omax(A) is the
maximal singular value, and o ,;,(A) is the minimal singular value.
We use A > 0 to denote that the matrix A € R™" is symmetric and
positive-definite. The natural numbers including zero are Ny. The
notation I represents the identity matrix. The transpose of the
matrix A is denoted by AT. When writing x(-) we refer to the tra-
jectory of x. The space of square-integrable vector functions on
[0, o) is represented by £,. The £5-norm of x(-) € £, is indicated
by [1x( - )z, Finally, PC(A, B) denotes the set of all piece-wise con-
tinuous functionsf : R 2 A — B.

2. Problem setup

We consider continuous-time linear time-invariant high-
dimensional systems
Yp 1 x(t) = Ax(t) + Bu(t), x(0) = xo, (1

in which x(t) € R" is the state vector at time t, n > 1, u(t) e R™ is the
input vector at time t, u( - ) € £, and piece-wise continuous. In the
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following Xp is called detailed system. The pair (A, B) is assumed
to be stabilizable. The states and inputs are constrained by

x(t)
.
C <dg, k=1,...,nc, 2
X [u( t)} < dg c (2)
with ¢, € R™™ and dj, € R. For technical reasons, we state the fol-
lowing common assumption.

Assumption 1. The state and input constraints (2) define a com-
pact set and the equilibrium x = 0 for u =0 is contained in its interior.

Given the initial state xy, we want to steer the system to the
origin close to optimality with respect to the cost functional

Joo(X0, 1) 1=/ F(x(t), u(t))dt,
0

subject to the system dynamics (1) as well as the state and input
constraints (2). The quadratic stage cost is defined by

F(x(t), u(t)) :=x"(6)Qx(t) + u' (E)Ru(t), 3)
with Q and R satisfying the following assumption.

Assumption 2. The matrices Q and R are symmetric and positive
definite.

We assume that the full state of the detailed system can be
measured. This assumption may be relaxed as discussed later in
Section 6.3.

The given control problem without the constraints (2) can be
solved using the well known linear-quadratic regulator (LQR) [24].
Due to the constraints it is significantly harder to obtain a good per-
formance of the controlled system. Thus, we seek an approximate
solution via MPC. For an introduction to constrained MPC we refer
to [25,26].

MPC tackles the infinite horizon control problem by solving at
every sampling instant an open-loop optimal control problem over
afinite horizon T. To solve the optimal control problem, the detailed
system is frequently replaced by an ROM as discussed in Section 1.
Therefore, we briefly introduce the underlying MOR framework in
the following section.

3. Model order reduction

In this work, MOR based on a Petrov-Galerkin projection is con-
sidered. For a Petrov-Galerkin projection, the MOR method yields
matrices V, W that satisfy the following assumption.

Assumption 3.
WTv=l

The matrices V, W e R™"™ with ng <« n fulfill

Multiplying (1) from left with WT
WTx(t) = WTAx(t) + WTBu(t),
= WTAVxg(t) + WTAe(t) + WTBu(t),

neglecting the MOR error e(t) =x(t) — Vxg(t) and replacing as addi-
tional degree of freedom u with a new input variable uy yields the
ROM

R : Xp(t) = ArXg(t) + Brug(t), Xgr(0) = Xg o, (4)

with Ag =WTAV and Bg = W'B. The initial condition of the ROM is
given by xgo=WTxo. We emphasize that xg(t)=WTx(t) does not
hold in general since the MOR error is neglected. An estimate for
the detailed state is Vxg(t).

The results of this work apply to any MOR method that results
in a Petrov-Galerkin projection. Consequently, many of the linear
MOR methods may be used, e.g., all methods mentioned in [5]. For
the MPC scheme proposed in this work, variations of MOR methods

for optimal control based on the proper orthogonal decomposition
[27,28] may be a good choice. For clarity and limited amount of
space, we focus on MPC using ROMs in this work and leave out
the MOR aspect. Therefore, we assume that the matrices W and
V required for the Petrov-Galerkin projection are known or com-
puted beforehand.

For the subsequent MPC schemes we assume:

Assumption 4. The pair (Ag, Bg) is stabilizable.

4. Common approach for model predictive control using a
reduced order model

As a basis for our approach and the subsequent analysis we
introduce in this section an MPC setup that employs only the ROM.

When using X for prediction, the detailed state is unknown
and the estimate Vxg(t) is used in the stage cost

FR(xp(t), ug(t)) : = F(Vxg(t), ug(t))
= Xz (£)QrXR(L) + ug (E)Rug(t),

in which Qg =VTQV is positive definite because rank(V)=rng.

The following ROM-MPC setup emerges from a common MPC
formulation with a terminal cost and a terminal constraint [29, p.
142] by replacing Xp with X and x(t) with Vxg(t). As aresult, at the
sampling instant t; > 0 the state x(t;) is measured and the following
finite horizon optimal control problem is solved.

Problem 1. (Optimization problem for MPC using the ROM)

Jr(x(t;), uR)

minimize
URePC([t;, t;+T],RM)

in which
4T
Jr(x(;), ug) = / FR(XR(t; t;), ug(t)) dt + Er(Xg(t; + T: t;)),
5
subject to
XR(t; t;) = ARXR(L; t;) + BRUR(L),
Xr(tis t;) = WT(t;),

VXR(t;ti)

| <dy, k=1,...,nc, (5a)
Ug(t)

Xp(ti + T t;) € $2¢, (5b)

forall te[t;, t;+T].

We denote by Xg(-;t;) the predicted trajectory starting from
the initial condition Xg(t;; t;) = WTx(t;) and driven by Tg(t) for
te[t;, tj+T]. The terminal cost Eg(xg(t; + T; t;)) and the terminal set
§2g are additional design variables. They are used in MPC to guar-
antee asymptotic stability of the closed loop, see, e.g., [26, Theorem
2.1]. The initial condition of the ROM is the projection of the mea-
sured detailed state. Furthermore, the state and input constraints
(2) are approximated using the estimated detailed state Vxg(t; t;).

Problem 1 describes a common approach in MPC using ROMs,
found similarly for discrete-time systems in [2,3,13,15]. The cited
work focus on different aspects and therefore, among others, dif-
ferences in the terminal set and the initial condition of the ROM
exist.

We assume that the input trajectory which solves Problem 1 is
given by uy(t; t;) with associated predicted state trajectory x;(t; t;),
te[t;, t;+T]. We distinguish between internal predicted variables,
Xp(t; &), ug(t), xi(t;t;), ug(t;t;) and variables appearing outside
of the model predictive controller, e.g., the input applied to the
detailed system as defined in the following.
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The optimal input trajectory ux(-;¢t;) is applied to the system
until the next sampling instant tj.q

u(t) = ur(t) := ug(t; t;),

To avoid confusion with variables appearing in the ROM, we use
the calligraphic index R to denote that the input is based on the
common ROM-MPC scheme. At t;;, the state x(tj+1) is measured
and Problem 1 is solved for the shifted horizon [t;.1, ti+1 + T]. Repeat-
ing this procedure, the input of the detailed system u(t) = ug(t)
for te[0, oo) is defined by the optimal solution of Problem 1 at
all sampling instants. For a given sampling time § < T, we consider
equidistant sampling instants t; = i§, i€ Np. If the detailed sys-
tem is used for prediction, which corresponds to W=V=1I, we will
denote the input applied to the detailed system with up( - ) instead
of ug(-).

For the application of a model predictive controller and to prove
asymptotic stability of the closed loop, it is important that the
underlying optimization problem is feasible for all time instants.
This would be guaranteed if (i) a feasible solution at ty = 0 exists and
(ii) when applying the model predictive controller from feasibil-
ity at tp =0 follows feasibility for all subsequent sampling instants.
Property (ii) is known as recursive feasibility.

By using X for prediction, the MOR error is introduced within
the MPC scheme. Thus, guarantees for the closed loop with up(-)
do not necessarily hold any more. For instance, we cannot conclude
from the state and input constraints (5a) that the constraints (2)
are satisfied. Furthermore, since WTx(t;, 1) # Xgr(ti.1; t;), recursive
feasibility of Problem 1 and asymptotic stability of the closed loop
with ugz(-) have to be addressed.

To enforce the constraints (2), we will derive an upper bound
for the error between the state of the detailed system and the ROM.
Given the state of the ROM and the error bound, a set containing
the detailed state is known. Thus, (2) can be enforced. Furthermore,
we use the error bound introduced in the following section to show
recursive feasibility and to prove asymptotic stability for an ROM-
MPC scheme in Section 6.

i <t<tiq. (6)

5. Asymptotically stable error bounding system

In this section, we derive a bound for the MOR error. The error
bound is based on the a posteriori error estimator [23] and its
improved version [22]. These previous results require a stable
detailed system to derive a stable error bounding system. These
results are extended to the case of unstable detailed systems, while
preserving the stability of the error bounding system.

To derive the error bound, consider the error

e(t) ;= x(t) — Vxg(t)

between the actual detailed state x(t) and the estimate Vxg(t) based
on the reduced state xg(t). The error dynamics are given by

e(t) = x(t) — Vig(t)
= Ae(t) + (AV — VAR)xg(t) + Bu(t) — VBRug(t).

Due to the term Ae(t), the autonomous error dynamics are deter-
mined by the possibly unstable detailed system. To modify the error
dynamics, we exploit that the detailed state and thus the MOR error
is known. Hence, we can introduce a feedback of the MOR error

u(t) = ug(t) — Kee(t). (7)

The first part ug(t) will be determined by the model predictive
controller to satisfy the state and input constraints (2). The sec-
ond part —Kee(t) may keep the MOR error small at the expense of
an additional excitation. This idea is similar to tube-based MPC,
where a local controller is used to keep the error around a nominal

trajectory bounded [18]. Using (7) and defining A, : =A — BK,, the
error dynamics are

e(t) = Aee(t) + (AV — VAR)Xg(t) + (B — V Br)ug(t) )
= Aee(t)+ (I — VWT)(A V xg(t) + Bug(t)).

Based on the error dynamics, we obtain the following bound for
the error.

Theorem 1. (Error bounding system) Consider the detailed system
Yp and the ROM X defined by V, W. Then, if the feedback matrix K is
such that A. =A — BK, is Hurwitz, there exist « > 1 and 8> 0 such that
the MOR error is bounded by

Ve=0 : |lx(t) — Vxr(t)] < A(t),
in which A(t) is defined by the error bounding system

5 .{A(t)=—ﬂA(t)+anr(t)|,
A -

9)
A(0) = a[|x(0) — Vxg(0)Il,

with the residual r(t)=(I — VWT )(AVxg(t)+ Bug(t)).

Proof. The proof is similar to the proof of [22, Theorem 1]. The
error dynamics (8) have the solution

t
e(t) = exp(Aet)e(0) +/ exp(Ae(t — 1))r(t)dr.
0

By applying the norm and employing the sub-multiplicative prop-
erty we obtain

t
le(Oll < [l exp(Aet)Illle(0)l +/ Il exp(Ae(t — T)IlIr(T)lIdT.
0

Since A, is Hurwitz, there exist « >1 and >0, such that [30,
Lemma 3.3.19]

Vt=0: || exp(Aet)| < a exp(—pt). (10)

Hence, the error is bounded from above |e(t) | < A(t) by

t
A(t) = ccexp(—ft)lle(0)] +Ot/ exp(—B(t — T)Ir(z)ldr.
0

To conclude the proof, we observe that the error bound A(t) is the
solution of the error bounding system (9). O

The parameters « and g in Theorem 1 directly influence the
tightness of the error bound. Therefore, an important aspect is the
computation of & and B such that (10) holds. In general, there is a
trade-off between a small « > 1 and a large exponential decay rate
B.1f we choose « =1, then the exponential decay rate f is given by
B = —Amax(Ae +AJ)/2 [30, Lemma 5.5.11], which can be smaller
than zero. Alternatively, one can choose 0<pf<—Amax(Ae)
and any positive definite and symmetric Q € R™". Then,
o = 1/ 0max(P)/0min(P) is determined by the positive definite
and symmetric solution P € R™" of PA. + AP +Q + 2P = 0 [30,
p. 665]. Since the pair (A, B) is stabilizable, at least one K, exists
such that 0< — Amax(Ae). Thus, >0 can always be achieved. How
to obtain a feedback matrix K, with bounded norm using linear
matrix inequalities is shown in [31].

For details concerning the computational efficiency of the error
bound (9) and consequences for the MOR method we refer to
[22,23]. There, it is also shown for examples that a reasonably tight
error bound can be achieved by using an appropriate order for the
ROM.

The error bound derived in Theorem 1 gives a relation between
the state of the ROM and the state of the detailed system. More
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precisely, for given state of the ROM and error bound, the set of
possible detailed states is given by

Mxg(t), A(t)) := {x e R" [ |x — Vxg(£)Il < A(E)}.

6. Model predictive control using the reduced order model
with guaranteed stability

In Section 4, we have already pointed out that the main draw-
backs of the common ROM-MPC approach described by Problem 1
are that neither satisfaction of the state constraints (2) nor asymp-
totic stability is guaranteed. To overcome these issues, we will
employ the error bound from Section5 and the set of possible
detailed states X(xg(t), A(t)).

6.1. Enforcing state and input constraints

To enforce the state and input constraints (2) we extend the
ROM-MPC scheme given by Problem 1 with the error bounding
system X 5 of Theorem 1. Based on X o, we know the set of possible
detailed states X(Xg(t; t;), A(t;t;)) which allows us to enforce the
state and input constraints for the detailed system (2) by replacing
(5a) with

T x(t) -
k| tg(t) — Ke(x(t) — VRR(t; t)) | ~
for allx(t) € XMXp(t; t;), A(t; t;).

(11)

These constraints can be formulated as polytopic constraints in
Xr(t; t;), ug(t), and A(t;t;), i.e., without the set X, as shown by the
following proposition.

Proposition 1. (Reformulation of constraints)
The constraints (11) are equivalent to

VER( t; f‘) I
o ' o
—Ke

ug(t)
Proof. The constraints (11) are equivalent to: For every k=1, ...,
nc,

VRr(t; t;) I
T T <
Ck luR(t) ] + Ck |:—Ke:| ek(t) < dk (13)

Jk=1,...,nc. (12)

] <dy - A(t; t;)

for all e (t) € R" with [le,(t)]| < A(t; &;).

For every k with | I —KJ; ¢, = 0, equivalence of (12) and (13)
directly follows. For all other k, from the Cauchy-Schwarz inequal-
ity follows that the left side of (13) is maximized if e(t) and
[I —K] ] ¢ are linearly dependent resulting in

Alt; ;)

=) kT
[

er(t) =

The proposition follows by inserting this error into (13). O

Up to now, we are able to satisfy the state and input constraints
(2) while using the ROM. In the following, we will present interme-
diate results which are employed afterwards to prove asymptotic
stability.

6.2. Terminal cost and terminal set

In this subsection, we define the terminal set based on a terminal
controller such that, first, the terminal set is positively invari-
ant for the ROM under the terminal controller and, second, the
constraints are satisfied within the terminal set when using this
terminal controller. These properties will be used in Section 6.3 to

show recursive feasibility. Furthermore, we define the terminal cost
which will be used in Section 6.4 to show asymptotic stability.
Since we want to guarantee satisfaction of the constraints, we
include the error bound in the definition of the terminal set £2. To
prove invariance of §2, the following assumption is used below.

Assumption 5. The error bounding system X, is asymptotically
stable, i.e., 8>0 and « are chosen such that (10) holds.

As shown in Section 5, Assumption 5 can always be achieved by
a feedback of the MOR error.

The following lemma states a possible choice for the terminal
set.

Lemma 1. Consider the ROM Xy defined by V, W and the
error bounding system XA with feedback matrix K. Suppose that
Assumptions 1-5 hold. Then, there exist y1 >0, y2 >0, P = 0, Qp, and
Ko which determine the terminal set

Q2:={(xk, A) e R® x R|xgPoxp < y1, 0< A<y}, (14)

and terminal cost E(xg) = X;{QQXR such that

(i) the terminal set §2 is positively invariant for the interconnection
of Xg and X 5 under the control law ug(t)=— Koxg(t),
(ii) forall (xg, A) € £2 the state and input constraints (12) are satisfied
for ug(t)=—Kgxg(t), and
(iii) for all (xg, A) e S2 the closed loop with the ROM and the control
law ug(t) = — Koxg(t) satisfies

ER(xR) + Fr(xr, —Kxg) < 0. (15)
Proof. Since Assumptions 2 and 4 hold, we know that there exists
a unique solution Py > 0 of the algebraic Riccati equation [24]

PrAR + Ag PR — PRBRR™1BR P + Qg = 0. (16)
For the proofof Lemma 1, consider the LQR as terminal controller

KQ = RilB—R{PR and PQ=QQ=PR.

(i) The ROM X is independent of the error bound A(t).
Since we use the LQR as terminal controller, the set §2; :=
{xg € R"’| xIPoxg < y1} is positively invariant for X with
ug(t)=— Kgoxg(t). Hence, for all xg(t) € §2g,

IC)

Aty D BAWD) +a (1 - YWT YAV — BKo (D)
< —BA() +al(I-VWT XAV — BKo)P, I *xx(1)]
< —BA() + a y77 (1 - VWT YAV — BKo)P,' 2.

Choosing y1 and y, such that
o /71 I = VWT XAV — BK )P %1l < B (17)
yields
Aty < -BAM)+Bya.

Thus, for all A(t)>y,, we have A(t) < 0and A(t)= Y results
in A(t) <0. In addition, from (9) follows 0< A(t). Conse-
quently, (i) holds.

(ii) Applying the norm to each element of (12) and using the tri-
angle inequality yields

\% I
c/ xR+ A ||c]

¢ v pl/?
k —KQ 2

’(:1,...,1’lc.

1/2
Jrise] o ’

I
% { —KJ
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O X(xr(t; + 63 1), At; + 6517)

X2 M X(W” x(t; + 6), [T = VWDx(t; + 6)|l)
/
_ %
x(t; + 0) x> 1 /
AT ? X]
Xr(ti + ;1) \||WT x(t; + 6)
7

Fig. 2. Illustration of the possible sets for the detailed states forn=2, V=W=[10]",
and « = 1. For xg(t; +8) = WTx(t; + ) the set X{W x(t; + &), x(t; + &) — Vxr(t; + 8)|) at
the sampling instant t; + 8 is not contained in the set X{Xg(t; + 8; t;), A(t; + 8; t;)) pre-
dicted at the sampling instant t;. This may violate feasibility of the optimization
problem at the sampling instant t; +§ as visualized by the state constraint x; < 1.

Therefore, the constraints (12) are satisfied for all (xg, A) € §2

if
Vv 1
/ T -1/2 T
" {_Kﬂ} fo E [_KJ H =de

k=1,...,1’lc. (18)

+12

Since the equilibrium is in the interior of the constraint set,
di>0. Thus, (18) determines a set for yy and y, containing
¥1=Y2=0 in the interior. Within this set, (17) can always be
satisfied by choosing y; small enough. Altogether, parameters
¥1>0 and y; >0 satisfying both, (17) and (18), always exist.
Consequently, statement (ii) follows by choosing y; >0 and
y2 >0 sufficiently small.

(iii) Using xg(t) = Arxg(t) + Brug(t) and the algebraic Riccati equa-
tion (16) results in Eg(xg) + Fr(xg, —Koxg) = 0. O

6.3. Optimization problem and recursive feasibility of the model
predictive control scheme

In this subsection, we first derive the optimization problem of
the MPC scheme using the ROM and the error bounding system such
that recursive feasibility is obtained. Recursive feasibility denotes
that feasibility at the initial sampling instant implies feasibility at
all future sampling instants. At the end of this subsection recursive
feasibility is proven based on the results of Lemma 1.

In general, feasibility at the sampling instant t;.1 =t; +§ is proven
by defining a candidate solution based on the solution at the samp-
ling instant t;. Therefore, the solution of the sampling instant t; has
to be feasible for t € [t; + 6, t; + T]. Then, this solution is extended for
te[t;+T, t;+5+T] based on the terminal controller.

In Problem 1, for the initial condition of the ROM the projec-
tion of the detailed state is used, i.e., xg(t; +8)= W7 x(t; + §). For this
choice, in general the initial condition of the ROM and the pre-
diction are not equal. Consequently, the set of possible detailed
states at the sampling instant t; + § might not be contained in the
set predicted at the sampling instant t;, even for a=1, as visualized
in Fig. 2. Thus, this choice of the initial state might jeopardize recur-
sive feasibility of the MPC scheme. One possibility to get recursive
feasibility would be to use the initial state of the ROM as addi-
tional decision variable, which is also used in the area of robust
MPC in order to deal with a model plant mismatch [18]. In order to
have fewer additional decision variables, we restrict xg(t; +5)to Z =
(X|x = AMWTX(t; + 8) + Aoxg(t; + 8; t;)} with A1, Ay € R, i.e., the sub-
space containing the origin, the projection of the detailed state, and

the predicted state of the ROM. Allowing for xg(t; + §) = Xg(t; + 6; t;)
is exploited in order to prove recursive feasibility later on. The pro-
jection of the detailed state is included in Z to make a feedback of
the measured detailed state possible. Why the subspace also con-
tains the origin will become clear later in Section 6.5. Furthermore,
having the origin as possible initial condition simplifies the proof
of asymptotic stability.

For a > 1, at each sampling instant the initial error bound in (9)
is overestimated by the factor «. To reduce the conservatism of
initializing the error bound we set

A(t; + 8 t; + 8) = min (OIHX(fi +8) = Vxg(ti + 8)Il, At + 6 ti))

if xp(t; + 8) = Xg(t; + §; t;). Thus, we use either (9) or the prediction
from the previous sampling instant. Furthermore, we use this ini-
tialization of ¥ 5 to establish recursive feasibility. Beforehand, we
summarize the adjustments by stating the finite horizon optimal
control problem underlying the new MPC scheme using the ROM
and the error bounding system.

Problem 2. (Optimization problem for MPC using the ROM and
error bounding system)

minimize Jr(x(t;), UR)
URePC([t;, t;+T),R™), xp(t;)e

in which

t;+T
Jr(x(t;), ug) = / Fr(xg(t; t;), ug(t)) dt + Er(Xg(t; + T: t;)),
t;

subject to

XR(t; t;) = ARXR(L; ;) + BRUR(L), (19a)

Xr(ti; ;) = xg(t;), (19b)

VXR(t; t;) — I

T <d, _ r T _

Cr [UR(t) ] <dpy— A(t; t;) Cy |:_Ke:| , k=1,...,nc,
(19¢)

(Re(ti+T: ), Alt; + T 1)) € £2, (19d)

A1) = —BA(E: ) + (I - VW YAVRR(E: &)+ Bug(t)l,  (19€)

min(a||x(t;) — Vxr(t;)Il, A(ti; t; — 8)),
Ati; ) = if xg(t;) = Xp(t;; t; — 8), (19f)

o||x(t;) — Vxg(t;)ll, otherwise,
forall te[t;, t;+T).

Problem 2 contains, in addition to the ROM (19a) and (19b), the
error bounding system (19e) and (19f). If the order of X is reduced
significantly, one can expect that the computational efficiency is
increased by replacing ¥p with X and the scalar X . To have the
advantage of increased computational efficiency while guarantee-
ing constraint satisfaction, the constraints are tightened according
to the error bound in (19¢) resulting in a loss of performance and in
general in a smaller region of attraction. Thus, there is a trade-off
between computational efficiency and conservatism.

Due to (19f), Problem 2 does not only depend on x(t;), but also
onXg(t;; t; — 8)and A(t;; t; — 8). For t; = 0 no previous solution exists
and we set A(0; 0) = «|[x(0) — Vxg(0)]|.

The input trajectory which solves Problem 2 is denoted by
u*A‘R(t), with associated state trajectory X*A,R(t; t;) and error bound

A'(t;t;) for te[t;, t;+T]. We define the cost associated with the
optimal trajectories by J% (x(t;)).
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Table 1

MPC schemes considered in the present work.
MPC scheme prediction model u(t) optimization problem
D-MPC Yp, see (1) up(t), see (6) Problem 1 for V=W=1I
R-MPC X, see (4) ug(t), see (6) Problem 1
A-MPC Yrand Xx, see (4),(9) ua(t), see (20) Problem 2

The optimal trajectories for t € [t;, t; + ) are denoted by up g(t) =

u*A’R(t), XA R(t) = x*A’R(t; t;),and A(t)= A'(t; t;). These variables are
used within the controller for the MOR error to compute the input
of the detailed system,
Ua(t) = up g(t) — Ke(x(t) — Vxa g(£)), G <t<t;+0, (20)
see Fig. 1. Similar to the previously defined up and ug, the subscript
A denotes, that X 4 is used (together with ¥g) within the underly-
ing MPC scheme. According to the nomenclature for the input, we
denote the MPC schemes with D-, R-, and A-MPC as summarized
in Table 1.

Repeatedly applying u (t) until the next sampling instant, than
measuring the state of the detailed system and solving Problem 2
at the sampling instants t; = i, i € Ng defines the variables ux g(t),
XA R(6), A(t), and ux (t) for te[0, oo).

Remark 1. (Partial state measurement)

For A-MPC, the detailed state is required for the error feedback
and in Problem 2 to initialize the error bounding system. Suppose
VTV=IThen, V(VTx(t;) — xg(t;)) L (I— VVT)x(t;) and consequently

IX(t;) = Vg(t)I1> = IV(VTx(t;) — xp(t;)) + (I — VW T )x(8;))1?
= IV(VTX(t;) — Xg(E))I? + (T — VV T )x(£:)112
= IVTx(t;) — xg(t)II? + 1T — VV ()11,

Furthermore, suppose an error feedback of the form
u(t) =ug(t) — KgVT (x(t) — Vxg(t)) is used and A—BKRrV" is Hur-
witz. Then, a state measurement for the subspace spanned by the
columns of V together with an upper bound for the MOR error
[(I- VWT)x(t;) || is sufficient for A-MPC.

The closed loop with our proposed model predictive controller
(20) leads to recursively feasible optimization problems as stated
in the following theorem.

Theorem 2. (Recursive feasibility of A-MPC)
Consider the detailed system Xp, the ROM Xy defined by V, W, and
the error bounding system X 5 with feedback matrix K.. Suppose that

e Assumptions 1-5 hold,

o the terminal set §2 of the form (14) and the terminal cost E(xg) =
XgQoxg with y1>0, y2>0, Pp >0, Qq, and K, are chosen such
that (i)-(iii) in Lemma 1 hold, and

e the input of the detailed system is given by ua(-) in (20).

Then, feasibility of Problem 2 at the sampling instant ty = 0 implies
feasibility at all subsequent sampling instants t; = i8, i € Ny.

Proof. The proof is partly based on standard arguments in MPC,
which can be found, e.g., in [25,26,32].

In order to show feasibility forall t; = i§, i € Ny it suffices to show
that from feasibility at time t; follows feasibility at time t; +§. Then,
the statement of the theorem follows by induction.

Assume that a feasible solution xg(t;), tg(- ), Xg( - ; t;), A(-; t;) of
Problem 2 at time ¢; is given. We consider the solution candidate

at time t;+3 determined by (19a), (19e), Xg(t; + &) = Xr(t; + 8; t;),
A(t; + 8) = min («llx(t; + 8) — VXg(t; + 8)Il, A(t; + 8; t;)), and

. Uug(t), telti+6,t+T)
lig(t) = . (21)
—KoXp(t), te[tj+T, t;+5+T].

The solution candidate satisfies (19f). For all te[t;+§, t;+T),
we havg Xp(t) = xg(t; t;), 1ig(t) =up(t). Consequently, we have
A(t) = A(t; t;) = —B(A(t) = A(t;t;)). Thus, we conclude from

A(t;+8) < A(t; + 8; t;) that A(t) < A(t;t;) for all te[t;+8, t;+T).
Thus, from feasibility of Xg(t;; t;), A(t;; t;), Uir( - ) follows satisfaction
of (19c¢) for te([t;+§, t;+T). Applying {ig( - ) drives the ROM such
that (Rg(t; + T), A(t;+T)) e £2. For te[t; +T, t;+8+T], the candi-
date input is given by the terminal controller and thus (19c¢) and
(19d) are satisfied according to Lemma 1. To conclude the feasi-
bility of Problem 2 at time t; +§, we note that the objective for the

candidate solution is finite. O
6.4. Asymptotic stability for the detailed system

With the results of Theorem 2 and Lemma 1, we are ready to
state our main result concerning asymptotic stability of the detailed
system controlled with the MPC scheme using the ROM and error
bound.

Theorem 3. (Asymptotic stability of A-MPC)
Consider the detailed system Xp, the ROM X defined by V, W, and
the error bounding system ¥ A with feedback matrix K,. Suppose that

e Assumptions 1-5 hold,

o the terminal set §2 of the form (14) and the terminal cost Eg(xg) =
Xg Qoxg withy1 >0, y2>0,Po > 0, Qq, and K, are chosen such that
(i)-(iii) in Lemma 1 hold, and

e Problem 2 is feasible at the sampling instant ty = 0.

Then,

(i) the origin of the closed loop of the detailed system with the model
predictive controller ua given by (20) is asymptotically stable
while satisfying the state and input constraints (2).

(ii) The region of attraction of the closed loop is given by Fa, where
Fa CR" denotes the set of all initial states x(ty) for which
Problem 2 is feasible.

Proof.

(i) First, we show asymptotic stability of the closed loop with the
detailed system. Feasibility for all times t; =i6, i € Ny is guaran-
teed by feasibility at ty =0 and Theorem 2.

Consider the null decision variables x*A7R(t0; tg) =0,
U*A’R(~;t0)5 0, which results in xZ,R(t;tO)TPQx*A’R(t;tO) =0
for all te[ty, to+T]. Associated with this choice, the error
bound has, by (19e), the dynamics A*(t;ty) = —BA*(t; tg)
resulting in  A"(t;tg)=A"(to; to)exp(— B(t—to)) for all
te[tg, tg+T]. Furthermore, consider an arbitrary ini-
tial condition x(ty) with |x(to) | <y2/a. Then, A*(tg;to) =
o|lx(tg) — Vx*A,R(to; to)ll = oe|lx(tp)ll < y». Consequently, since
B>0, A'(t;tg)<yrexp(—B(t—ty))<y,. Since £2 is of the
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form (14), we have (x*A’R(t; to), A*(t;tp)) € 2 for all
tety, to+T]. Thus, (19¢) and (19d) hold, showing that
this choice of decision variables is a feasible solution if
Ix(to) | < y2/ce. Furthermore, J7 (x(to)) =0 for this choice of
decision variables and Jr(x(tp), ug) > 0 if Xg(to;tp)#+ 0 or
Uug(-;tog) # 0. Altogether, for all |x(tp)| <y2/o the optimal
solution of Problem 2 is X*A,R(to; tp) =0, u*A‘R( <1 tg)=0.

Using the candidate solution from the proof of Theorem 2,
we know that for all subsequent sampling instants t; >ty we
have X*A,R( - t;)=0, u*A,R( -3 t;) = 0. Thus, for all |x(to) || < y2/a,
the closed loop is described by

X(t) = Ax(t) + Bua(t)
= (A = BKe)x(t) + B(ua g(t) + KeVx o g(t))
= Aex(t).

From Assumption 5 we know that A, is Hurwitz. Thus, the equi-
librium x=0 for the closed loop of the detailed system with
the model predictive controller ua(-) given by (20) is (locally)
asymptotically stable.

Furthermore, the state and input constraints (2) for the
detailed system are satisfied by every feasible solution of
Problem 2. To this end, we observe that (19e) and (19f) together
with Theorem 1 guarantees x(t)e X(XZ,R(t)’ A*(t)) for all
te[t;, t; + T). Thus, according to Proposition 1, (2) is guaranteed
by (19c¢). Consequently, (2) is satisfied when applying ux(-) to
the detailed system.

(ii) For the region of attraction, we first show that for all x(0) € Fx
the £;-norm of the input to the closed loop

X(t) = Aex(t) + B(ua g(t) + KeVxa g(1))

given by |[lua gr(-)+KeVxa g(-)llz, is finite. With (iii) of
Lemma 1 and the candidate solution Xg, A, i, it follows along
the lines of [32, proof of Lemma 3] that for all 7 €(0, §]

(22)

ti+tT
]Z(X(ti+f))—]2(><(ti))s—/ Fr(xa r(£), ua g(0))dt. (23)
5

In discrepancy to [32], due to the optimization of xz(t;) in
Problem 2, xa g(t) and thus J3 (x(t)) is only piece-wise con-
tinuous. Since J (x(t)) is a non-increasing function of time,
inequality (23) holds nevertheless. By induction and non-
negativity of J} (x(t;)) for t;— co follows

/ Fr(xa r(t), ua g(£))dt < J (x(0)). (24)
0

Furthermore, since Qg and R are positive definite, there exists
a finite constant ¢ >0 such that

luta (I + IKeViea (I < 5Felxa g6 usp®)-  (25)

Thus, using the triangle inequality,

00

lua R()+KeVXA R(IZ, <2 [ llua g(OIP + IKeVXa g(EIPdE

0
(25)

2 / Fr(xa.(t). ta g(6))dt
0

(24)
< cJA(x(0)).

From feasibility at t; = 0, we have thatJ} (x(0)) is finite and there-
fore [|ua g(- )+ KeVxa g(-)lc, is also finite.

Since A, is Hurwitz, (22) is finite gain £, stable [33]. Thus,
IX(-)llz, is finite. Furthermore, from Assumption 1 we conclude

that both x(t) and up g(t)+K.Vxa g(t) are bounded. Thus, by (22),
% IX(6)]12 = 2xT (£)x(t) is bounded. Hence, ||x(t) || 2 is uniformly con-
tinuous in t. Finally, by means of Barbalat’s lemma [33, Lemma 4.2],
tlim [x(t)|> = 0. Consequently, tlimx(t) =0.

— 00 — 00

Thus, Fp is a subset of the region of attraction. If x(0) ¢ Fa,
then u,(t) is undefined and x(0) is not in the region of attraction.
Altogether, 5 and the region of attraction coincide. O

According to Theorem 3, the prediction horizon T should be cho-
sen large enough such that Problem 2 is feasible at time t=0. In
particular, as the error dynamics are not controllable, a lower bound
for the prediction horizon is determined by the initial error bound,
the decay rate of the error bound, and the terminal constraint.
Thus, the choice of T strongly influences the region of attraction.
Clearly, other parameters such as the error feedback also influence
the region of attraction as will be shown in Section 7.

6.5. Linear-quadratic regulator as error feedback

We consider the special case that the error feedback is chosen as
the LQR of ¥p denoted with KL];QR. Then, A-MPC is locally optimal
as stated in the following proposition.

Proposition 2. (LQR as error feedback)

In addition to the assumptions of Theorem 3, assume the LQR is
used as error feedback and in Problem 2 no input, state, and terminal
constraints are active for x(t) at t =t;. Then, for all t > t; the input u(t)
is equal to the input minimizing the infinite horizon cost J2 (x(t;), u)
for the detailed system.

Proof. First, note that A, = A — BK[L,QR is Hurwitz and thus there
exist @ > 1 and B> 0 such that || exp(Aet) || < o exp(— Bt).

Since no constraints are active at t =0, the null decision variables
X*A,R(tO; tg) =0, u*A,R( -; to) = 0 are one solution of Problem 2. Then,
similar to the proof of Theorem 3, for all ; > t; a feasible and also
optimal solution is x*A,R( 1 5)=0, u*A’R( -3 t;) = 0. Thus, for all t> ¢;

the input to the detailed system is ua(t) = —I(LL,QRx(t).

For the infinite horizon optimal control problem the state and
input constraints (2) are not active for x(¢;). Otherwise, the con-
straint would be also active for the proposed MPC scheme. Thus,
the input minimizing the cost J2 (x(t;), u) is determined by the LQR
which coincides with the solution of the proposed MPC scheme.
g

Thus, xa g(-) and up g(-) are only used to fulfill constraints. Con-
sequently, the model predictive controller may be interpreted as
a disturbance from the optimal solution of the unconstrained case
u(t) = —I(LL,QRx(t) in order to satisfy the state, input, and terminal
constraints. Therefore, we allow for the origin as possible initial
condition in Problem 2.

7. Examples

In this section, we compare the proposed A-MPC scheme using
the ROM (4), error bounding system (9), and error feedback K, (7)
based on Problem 2 with two MPC schemes D- and R-MPC based
on Problem 1, see Table 1.

In Section7.1, we consider a parameter dependent two-
dimensional detailed system. The parameter will later be used to
assess the influence of a varying MOR error. This small system
facilitates the understanding and allows to evaluate the stability,
performance with respect to the objective functional, and the size
of the region of attraction. Thereafter, in Section 7.2, the computa-
tional efficiency gained by A-MPC and the introduced conservatism
are assessed using a model of a tubular reactor.

The implementation is based on MATLAB R2012b, the Multi-
Parametric Toolbox [34] and the MATLAB routine nmpc [35] which
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uses the MATLAB function fmincon for optimization. The con-
straints are only enforced at the sampling instants.

7.1. Illustrative academic example

We consider the system

X() = {0.1 0.759} {0.2

0 09 0.20] u(t),  x(0)=xo, (26)

with the parameter 0 € [0, 1]. The control objective is given by Q=1
and R=1. The constraints are [x1(t)| <1, |x2(t)| < 10, and |u(t)| <0.5.
Hence, the terminal set is dominated by the constraint on u.

To keep the unstable mode in the ROM, we choose V=W =

[1 0] " resulting in

)'(R(t)z 0.1xR(t)+O.2uR(t), XR(O)ZXR’O. (27)

This choice of Vand W also implies, that x, is assumed negligible.
Since the influence of x, on x; increases with 6, also the effect of
the MOR error will increase. Since the ROM is independent of 8, also
the optimization problem of R-MPCis independent of 6. In contrast,
the varying influence of the MOR error is taken into account within
A-MPC by £z and the terminal region.

The first step in the design of the proposed MPC-scheme is the
choice of an appropriate feedback K. for the MOR error. We restrict
ourselves to K, = K[L,QR. For the error bounding system we need a
bound for the norm of the matrix exponential. For simplicity, we
set @ =1 so that the decay rate is given by the initial growth rate

B =0.5Amax(A— BKEQR +(A- BKEQR)T). Hence, the error bound is
given by

A(t) = —BA(t) +0.20ug(t)l, A(0) = [Ixo — Vg ol (28)

Thus, the dependence of the input matrix on the parameter
results in a residual proportional to 6.

For the proposed MPC-scheme, a terminal set of the form (14)
with the LQR as terminal controller is used. Since ng =1, we do not
limit the terminal set by choosing P =1. Thus, y1, 2 have to be
determined such that (17) and (18) are satisfied resulting in

0.2,/m1 |91<,§QRy < B2, (29a)
Vri+rsl, (29b)
V1 |KGGE |+ vz || K5 % < 0.5. (29¢)

Due to the last two inequalities, there is a compromise between
a large v, (terminal set for xg) and a large y, (terminal set for A).
We set 1 to the largest possible value such that there exist a y,
satisfying (29), as this results in a larger region of attraction for
almost all parameters 6 € [0, 1].

For D- and R-MPC as terminal set the maximal positively invari-
ant set for the closed loop with the LQR is used and the terminal
cost is E(x)=x"Qpox where Qg is the solution of the ARE (16) asso-
ciated with (26) or (27). To implement the three MPC schemes a
sampling time of 0.2, a prediction horizon of 10, and a piece-wise
constant input ug are used.

Trajectories of the closed loop are shown in Fig. 3 for 6=0.95.
As initial condition the maximal x; for x, =0 in the region of attrac-
tion of A-MPC is taken resulting in xo=[0.1768 0]". Despite the
large 6 and hence influence of the discarded state x,, the trajec-
tories of D- and A-MPC are almost identical. For t< 2.0, the input
constraintis active and A-MPC uses the initial condition of the ROM
to fulfill the constraints. Since u g =0, the input of Xp originates
from the error feedback K.. Furthermore, the input constraint is
enforced by A(t) | Ke || <0.5. Hence, the conservatism introduced by
the error bound results in ua > —0.5 for t~ 0. For t > 2.0, the initial

X1

X2

Fig. 3. Trajectories of the closed loop with MPC using the detailed system (D-MPC),
ROM and error bound (A-MPC) and ROM (R-MPC) for #=0.95. To judge the influ-
ence of the error feedback and the input of the ROM to the overall input of A-MPC
ua(t)=uar(t) — Ke(xa(t) — Vxar(t)), also ua g(t) and the estimated states Vx g(t) are
shown.

condition and input of the ROM is 0 and thus the optimal input
u(t) = —I(BQRx(t) is applied as discussed in Section 6.5.

Due to the large MOR error, R-MPC diverges while the pro-
posed MPC approach drives the detailed system to the origin. This
shows that the MOR error is relevant in this example and should
be accounted for in the control design.

7.1.1. Stability

The most fundamental distinction between the proposed MPC
scheme and R-MPC is the guaranteed asymptotic stability. Fig. 3
visualizes that R-MPC results in an unstable closed loop for 6 =0.95.
In fact, this holds for 6 ~ 1. Using the feedback K, within R-MPC may
lead to asymptotic stability. Unfortunately, due to the dependence
of u(t) on the error e(t), then even pure input constraints cannot be
guaranteed.

7.1.2. Performance

Fig. 3 suggests that D-MPC and A-MPC result in an almost
identical performance for this initial condition and 6=0.95. In this
subsection, we evaluate the performance of the three MPC schemes
for several values of 6 and varying x1(0). Since x, is assumed neg-
ligible, we set x,(0)=0. This choice does not imply that x,(-)=0 as
can be seen in Fig. 3.

As performance measure we take the integrated stage cost of
the closed loop with ¥ for te [0, 50] in addition to the optimal
cost of the unconstrained X for t €[50, co]. We denote this over-
all cost with JP in which i € {D, A, R} indicates the utilized MPC
scheme. For R-MPC, the optimization problem may be feasible at
to =0 but infeasible for t € (0, 50]. Then, we setjg/x(O)TPDx(O) =7
in Fig. 4a. For 6 < 0.5 and thus small influence of the MOR error, the
performance of all three MPC schemes is comparable. However,
for increasing 0, the performance of R-MPC gets worse whereas
A-MPC still achieves a performance comparable to D-MPC, as visu-
alized in Fig. 4a for §=0.8. For 6=0.8 and x;(0)~ 0.5, R-MPC applies
u(t)=-0.5 at the beginning. This leads to an increase of x; and
consequently to a slow decay of x1. Thus, ]72 rapidly increases for
X1 (0) ~0.5.
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Fig. 4. Objective values for the closed loop of the detailed system and D-MPC, A-
MPC, and R-MPC. (a) Objective values normalized with the optimal cost of the
unconstrained Xp for 6=0.8. (b) Objective value of A-MPC relative to the objective
value realized with D-MPC for 6 € {0.2,0.5,0.8,0.95}.

Fig. 4a also depicts the set of initial conditions with feasible
solutions for x, = 0. The region of attraction will be considered in
Section 7.1.3. Here, we point out that R-MPC neglects the influence
of x5 and has a feasible solution for all x;(0) € [-0.74,0.74] indepen-
dent of 6. Thus, for =0.8, the set with a feasible solution is even
larger than for D-MPC. However, R-MPC is initially feasible and
infeasible at a later sampling instant for all 0.53 < x;(0) < 0.74.Thus,
the larger feasible set is accompanied with the lack of guaranteed
asymptotic stability.

In Section 6.5, we have shown that the proposed MPC scheme is
locally optimal for the chosen error feedback. Toillustrate how large
the region with optimal performance is, we depict the attained per-
formance normalized with the performance of D-MPCin Fig. 4b. The
region where A-MPC is optimal is reasonably large and the perfor-
mance degradation is less than 3%. In contrast, R-MPC is locally
sub-optimal by 44% for 6=0.8.

7.1.3. Region of attraction

In addition to the optimality with respect to the cost functional,
the size of the set of initial conditions with guaranteed asymptotic
stability is another possibility to assess an MPC scheme. For D-MPC
and the proposed A-MPC scheme this set is given by the set of
initial conditions with a feasible solution denoted by Fp and Fjx,
respectively. The R-MPC scheme gives no guarantee for asymp-
totic stability and looking at the feasible set can be misleading
as indicated in Fig. 4a. Therefore, R-MPC is not considered in this
subsection.

To simplify visualization, we restrict x(0) to 0. We denote the
length of the interval for x(0) with a feasible solution by [; =
|fi|x2:of , ie{D, A}).Theratiola /Ip is depicted in Fig. 5. For small
0, the residual and thus the error bound is small. Consequently,

1.0
0.9
0.8
0.7
0.6
0.5

IAllp

0 01 02 03 04 05 06 07 08 09 1

0

Fig. 5. Ratio of the interval for x;(0) within the region of attraction for A-MPC and
D-MPC. The initial condition of x, is set to 0.

Ip = Ip. For increasing 6 the system gets harder to control and both,
I and Ip, get smaller. Notably, for 0 < 0.83 the feasible set for x;(0)
of the proposed MPC scheme contains 80% of the feasible set of D-
MPC. Even for 6 =0.9, where R-MPC shows a poor performance, the
ratio [ /Ip is above 75%. For higher parameter values, [, decreases
substantially, since 8 decreases while ||K,| considerably increases.
For 6 >0.992, Assumption 5 is not fulfilled for «=1 and the LQR
as error feedback. Hence, we also used controllers other than the
LQR for the error feedback. Then, feasibility for 8~ 1 is achieved.
Furthermore, the feasible set significantly increases for 8 < 0.3 and
6>0.9.

Summarizing, we have studied a parameter dependent two-
dimensional example, in which the parameter changes the MOR
error. We have compared stability, performance, and region of
attraction for the proposed and alternative MPC schemes in
dependence of this parameter. We have seen that even for a
significant MOR error, the proposed MPC scheme shows a good
performance while guaranteeing asymptotic stability.

7.2. Non-isothermal tubular reactor

To evaluate the computational efficiency of the proposed MPC
scheme the model of a non-isothermal tubular reactor [13] is
employed. The model of the tubular reactor assumes plug-flow
behavior, i.e., without diffusion or dispersion. The flow enters
the reactor with a constant concentration Cj, of the reactant A
and temperature T;,. Inside the reactor, a first order, irreversible,
exothermic reaction takes place. In order to prevent undesirable
byproducts, the temperature in the reactor must satisfy

T < 400K. (30)

To control the temperature inside the reactor, the wall tempera-
ture can be changed between 280 K and 400 K by three independent
heat exchangers as visualized in Fig. 6.

Due to an error in an upstream plant the inflow temperature
may change from the nominal value Tpo,m=340K to a value within
[315K, 365K]. The control goal is to achieve a high conversion ratio
despite these changes of Tj, while satisfying the temperature con-
straints. In the following, we assume the reactor is at the steady
state for the nominal temperature of the inflow for t<0 and con-
sider step changes of T;, at t=0. Later in Section7.2.1, we define
a setpoint depending on T, and MPC is used to steer the tubular
reactor to this setpoint. Therefore, the step change of Tj, can be
considered as a shift of the setpoint. Hence, the considered MPC
schemes can be applied.

In [13,36], two MPC schemes using an ROM are discussed in
order to control the tubular reactor. Both controllers in [13,36]
do neither guarantee satisfaction of state constraints, nor asymp-
totic stability. However, the problem setup and the MOR approach
presented in the following are extensively based on [13,36].

7.2.1. Problem setup

The PDE model of the tubular reactor originates from [37] and is
inspired by [38]. This PDE is linearized around the steady state com-
puted in [36]. Afterwards, the reactor is divided into 150 sections
and the partial derivatives are approximated by backward differ-
ence approximations resulting in a linear ODE [36]. The modeling

T I Ty I e reactant A

reactant A product B
e C, T A— B —

Cina Tin Cnula Toul

Fig. 6. Tubular reactor with 3 cooling/heating jackets. The schematic is based on
[13].
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errors arising from the linearization and the spatial discretization
are not considered, as this work discusses the error originating from
the MOR. In the following we only consider the ODE model, not the
original PDE, and study the numerical efficiency of the proposed
MPC scheme by this practically motivated example.

The detailed linear model

X(t) = Ax(t) + Byu(t) + BrTin(t), x(0) =Xxg

consists of 303 states, 150 for the temperature inside the reactor,
150 for the concentration inside the reactor, and three for the jacket
temperatures. The temperature and concentration inside the reac-
tor are denoted with T; and G, i=1, ..., 150, with Tout=T159 and
Cout = C150. The three control inputs are the changes of the jacket
temperatures u = [Tj; Tj TB]T.

To apply the considered MPC schemes we use a setpoint
(xsp, usp) with ugp =0 depending on T;, which is determined by

C 2 0.3 150 T _T 2
minimize0.7< OUt) + = (ﬂ)

Xsp G 150 4 Thom
i=
subject to
0:AX5p+BuuSp+BTTm, (313)
T; <395K, i=1,...,150, (31b)
285K <Tj; <395K, i=1,2,3. (31¢)

In contrast to [13,36], our controller guarantees satisfaction
of the constraints. Thus, we allow a setpoint closer to the tem-
perature constraint (30). Furthermore, in comparison to [13,36],
we choose a higher weight for the output concentration as con-
sidered in [39]. Hence, higher temperature deviations from Tpom
occur, consequently, making the temperature constraint (30) more
important. Altogether, the output concentration at the setpoint for
the nominal inflow is 5.1-10~4 mol/L and, compared to [13,36], it is
decreased by a factor of three.

The quadratic stage cost weighting the difference to the setpoint
is given by

149 2
Cout — Csp,out \ 2 _5 C; — Cop,;
F(x,u):S(i’) +10 _—
Cin 12_1: Cin

150 2 3 2

T, — Top, Ty — Top s

+0.0023§ ('T5P’> _,_0.052 (J’TSPJ’>
nom nom

i=1 i=1
3 N
Ji
+137.5 — ] .
; <Tnom >

Thus, deviations in the output concentration are strongly penal-
ized. The values weighting Coyt = C150, T;, and Tﬁ are derived from
[13]. The other two terms weighting C; and Tj; are added due to
Assumption 2 and to force the jacket temperatures to converge to
the setpoint.

7.2.2. Error bound and model order reduction

For the tubular reactor, error bounds using an unweighted norm
are conservative. As alternative to a weighted norm, we apply a
linear state transformation to the detailed system and the objec-
tive functional. The state transformation is computed such that (10)
holds with =1, 8=0.15 and the LQR controller as error feedback.
The state transformation is computed similar to [31] using YALMIP
[40] with the solver SDPT3 [41].

The ROM s derived in the style of [13,36] and relies on the proper
orthogonal decomposition [5,42]. The snapshot of state trajectories
relies on simulations with T;, € [315K, 365K] and step changes of
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Fig. 7. Simulation results for the tubular reactor. (a) Computation times of D-MPC,
A-MPC, and R-MPC for the optimization at t=0. The computation times are nor-
malized by the maximal computation time of A-MPC. (b) Objective value of D- and
A-MPC for the closed loop of the detailed model and the respective model predictive
controller. (c) Absolute difference of the objective value of D- and A-MPC for the
closed loop of the detailed model and the respective model predictive controller. (d)
Relative performance degradation over the objective value of the closed loop with
D-MPC.

u; e [-17K/s, 17 K/s]. To compute the eigenvectors of the snapshot
we use the implementation contained in RBmatlab [43]. To have a
small enough error bound and feasibility of Problem 2 at t=0 we
choose ng =45. Future improvements like extending the scalar error
bounding system or more sophisticated model reduction methods
most likely allow a smaller order of the reduced model.

For solving ODEs we use the sundialsTB [44]. One simulation
with forward sensitivity analysis is on average more than 10 times
faster for the ROM with the error bounding system than the detailed
model.

7.2.3. Comparison of the model predictive control schemes

We use the same sampling time of 6=0.2 s and prediction horizon
of T=804§ asin[13,36]. For all three MPC schemes, the terminal cost
is determined by the solution of the algebraic Riccati equation and
the terminal sets are computed using the LQR as terminal controller.
Since polytopic positively invariant sets are difficult or impossible
to compute for the dimension of the systems, we use ellipsoids
centered at the setpoint as terminal sets for D- and R-MPC. For
A- and R-MPC the volume of the ellipsoidal terminal set for xg is
maximized using YALMIP [40] with the solver SDPT3 [41]. For D-
MPC, the maximal volume ellipsoid could not be computed due to
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the large dimension of the system. Thus, we used an ellipsoid based
on the state transformation described above.

For the optimization, we use the MATLAB routine fmincon.
We provide the gradients of the objective function and the con-
straints. From the list of available optimization algorithms we
choose ‘active-set’, as it results for this example in the lowest com-
putation time for all MPC schemes. The initial guess of the optimal
solution used by the optimization routine is based on the optimal
solution of the previous sampling instant.

The computation time required by the three MPC schemes is
shown in Fig. 7a. The maximal computation time is decreased by
the proposed scheme by a factor of 5.5 compared to D-MPC and
increased by a factor of 2 compared to R-MPC. Thus, the proposed
MPC scheme shows a sensible compromise between increased
computational efficiency and guarantees for the closed loop. The
guaranteed constraint satisfaction and recursive feasibility given
by A-MPC are also relevant for the tubular reactor, since R-MPC
violates the temperature constraint for A Tj,=25 K. This underpins
that R-MPC does not guarantee recursive feasibility.

Finally, we evaluate the conservatism of A-MPC. Since the order
of the ROM is chosen such that Problem 2 is feasible for all A Tj, e
[-25K, 25K], the conservatism with respect to the region of attrac-
tionisirrelevant. The conservatism with respect to the performance
is depicted in Fig. 7b-d. For medium to large values of the cost,
i.e.,]g210’3, the performance of A-MPC is at most 4% worse than
D-MPC, which is reasonably low compared to the increase in com-
putational efficiency. For ]g < 1073, the difference of the cost values
is smaller than approximately 10~ and may be considered neg-
ligible. The larger objective value for A-MPC around A Tj,~ 0K
results from the optimization of xg(t;), since the projection of the
cost functional is a bad approximation for xg(t;) # WTx(t;).

In summary, this simulation study shows that A-MPC can
increase the computational efficiency significantly, compared to
an MPC scheme based on the detailed model, while at the same
time resulting in a small conservatism with respect to performance
and the region of attraction. The small degradation of the perfor-
mance is underpinned for the academic example by the comparison
with R-MPC which results in a significantly worse performance.
The importance of the guaranteed satisfaction of constraints and
asymptotic stability is emphasized by both examples when using
only an ROM for prediction. For the academic example the closed
loop diverges for large MOR errors and for the tubular reactor the
constraints are violated.

8. Conclusion

We presented a novel model predictive control (MPC) scheme
using a reduced order model for prediction to control a possi-
bly unstable high-dimensional linear system subject to hard input
and state constraints. To guarantee satisfaction of hard input and
state constraints for the high-dimensional system despite using a
reduced order model for prediction, we employed a bound for the
model order reduction error. The error bound is given by a scalar
ordinary differential equation which predicts the error bound. In
contrast to previous results, the predicted input trajectory is taken
into account within the error bound which may significantly reduce
the conservatism. By using the initial state of the reduced order
model as decision variable and appropriate initialization of the
error bounding system, recursive feasibility is established despite
the model order reduction error. Moreover, we derived construc-
tive design conditions that ensure asymptotic stability for the
closed loop of the proposed model predictive controller when
applied to the high-dimensional system.

We applied the proposed MPC scheme to two examples. For an
illustrative academic example, a common MPC scheme based on

the reduced order model, which neglects the model order reduction
error, results in an unstable closed loop. In contrast, for a large influ-
ence of the model order reduction error, the proposed MPC scheme
achieves a large region of attraction and a performance compara-
ble to the MPC scheme using the detailed system. Furthermore, the
example demonstrates that by choosing the linear quadratic regu-
lator as error feedback our approach results in an optimal solution
foralarge region around the equilibrium. The application of the dis-
cussed MPC schemes to a model of a tubular reactor demonstrates
that the proposed MPC approach can increase the computational
efficiency significantly, while resulting in an almost optimal per-
formance and large region of attraction. Altogether, the simulation
study shows that the proposed MPC approach can achieve a reason-
able trade-off between computational efficiency and conservatism
while guaranteeing constraint satisfaction and asymptotic stability.

Future work may extend the proposed MPC approach such that
an upper bound for the objective functional is minimized similar
to [22]. This results in a guarantee for the worst-case value of the
objective functional and may improve the achieved performance.

The optimization problem of the proposed MPC scheme gives
conditions on the reduced order model and the model order reduc-
tion error in order to satisfy constraints and guarantee asymptotic
stability. This conditions might be exploited in the future to develop
a method for model order reduction of constrained linear control
systems.
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